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Within the effective-mass approximation, we theoretically investigated the electronic and trans-
port properties of 2D semiconductor quantum wires (QWs) with anisotropic effective masses and
different orientations with respect to the anisotropic axis. The energy levels in the absence and
presence of an external magnetic field are analytically calculated, showing: (i) a strong dependence
on the spacing of energy levels related to the alignment QW angle and the anisotropy axis; and
(ii) for non-null magnetic field, the quantum Hall edge states are significantly affected by the edge
orientation. Moreover, by means of the split-operator technique, we analyzed the time evolution of
wavepackets in straight and V-shaped anisotropic QWs and compared the transmission probabilities
with those of isotropic systems. In the anisotropic case we found damped oscillations in the average
values of velocity in both x and y directions for a symmetric Gaussian wavepacket propagating
along a straight wide QW, with the oscillation being more evident as the non-collinearity between
the group velocity and momentum vectors increases.
I. INTRODUCTION
In the last two decades, the production of graphene
has led to a significant level of interest on the physics of
layered materials [1-11]. This interest is not only due to
its possible future technological applications, but also be-
cause it provides the possibility to probe interesting phe-
nomena predicted by quantum field theories not found
in conventional semiconductors and metals. Along with
the investigation of basic properties of these materials,
there has also been a significant effort to develop de-
vices that can benefit from their two-dimensional (2D)
character. In that respect, the introduction of additional
confinement by creating 1D (quantum wires (QWs)) and
0D (quantum dots) structures becomes relevant [12-21],
since these are known to modify the electronic spectra
and the transport properties of the structure in compar-
ison with the pristine sample.
Most recently, there is a growing interest in single lay-
ers of black phosphorus (BP), also known as phosphorene
[22-28] which is a semiconductor with a puckered struc-
ture, due to sp3 hybridization and displays a tunable
bandgap [24,25]. In addition, phosphorene presents a
highly anisotropic band structure and thus an anisotropic
effective mass [5,12,22–28]. Another material that has at-
tracted attention due to its anisotropic properties is sin-
gle layer Arsenic (arsenene) [29-34], a semiconductor also
with a puckered structure. Due to the highly anisotropic
band structures of such crystals, their electrical conduc-
tivity, thermal conductivity and optical responses are
found to be strikingly dependent on the crystallographic
directions [26,27,35-43]. In particular, one possible con-
sequence of the anisotropy may be seen in the electronic
confinement caused by the presence of constraints such
as external gates or crystal terminations. In that case, a
dependence of the confined states on the direction of the
alignment of the constraint may arise.
In the present paper we investigate the electronic and
transport properties of anisotropic materials in which a
1D confining potential has been imposed. The work pro-
ceeds as follows: Initially we investigate the case of 1D
confinement in an anisotropic system (i.e. a QW) in
which the QW orientation may not match the anisotropy
axis of the sample. In order to do that, we employ an
effective mass model in which the anisotropy is encoded
in the direction-dependent effective mass. Next, we show
results for the spectra of confined states for different ori-
entation angles of QW edges in the presence of an exter-
nal magnetic field. By using the split-operator technique
[44–55], we then present results for the time-evolution
of a Gaussian wavepacket propagating in an anisotropic
QW that presents a “bend”, i.e. the orientation of the
QW with regards to the anisotropy axes changes along
the longitudinal direction. We numerically investigate
the electronic scattering of the propagated wavepacket at
the bend caused by the mismatch between the electronic
subbands at each QW region, which is an evidence of
their dependence on the orientation angle. In addition,
we calculate the average velocity values for the x and y di-
rections of an initially symmetrical Gaussian wavepacket
propagating along a large QW in order to analyze the
non-specular reflections at the QW edges and the com-
bination of effects due to the anisotropy and system ge-
ometry.
The paper is organized as follows: in Sec. II we present
the analytical model for anisotropic classic systems tak-
ing as starting point an effective mass model. We show
the spectrum of confinaded states for QWs anisotropic
systems with different orientation angles with and with-
out an external magnetic field in Sec. III. The influence of
an anisotropic QW formed by leads with different align-
ment angles in the scattering initial Gaussian wavepacket
is studied in Sec. IV. Our conclusions are presented in
Sec. V.
II. ANISOTROPIC CLASSIC SYSTEMS
Let us consider an anisotropic 2D system in which the
anisotropy is introduced as direction-dependent effective
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2masses. Among an extensive list of anisotropic materi-
als, such as BP [22-28], arsenene [29-34], ReS2 [59], TiS3
[60], and others, the first two are the most prominent
ones, and for that reason why, we henceforth assume pa-
rameters suitable for these materials. Similar qualitative
results discussed along this work are expected for any
of the above mentioned anisotropic materials. Effective
mass models have been shown to give a reasonable de-
scription of the low-energy spectrum of phosphorene and
arsenene.[61,62] In general, in the theoretical analysis of
such system, it is convenient to chose coordinate axes
in such a way that they match the anisotropy directions
(henceforth known as the x and y directions, with mx
and my being the effective masses along each direction,
respectively). Table I presents the values of electron ef-
fective masses for both phosphorene and arsenene. How-
ever, as shown below, it is necessary in the present case to
consider a more general configuration. Thus, in general
the Hamiltonian is given by
H =
p2x
2mx
+
p2y
2my
. (1)
A curve of constant energy in momentum space is then
an ellipse. A more complicated but also more interest-
ing case is when the coordinate axes are not parallel to
the anisotropy axes. We can obtain that by rotating the
coordinate system in momentum space, such that the
semi-major axis of the elliptical constant energy curve is
rotated by an angle α around the z axis. That give us:
px = p
′
x cosα−p′y sinα and py = p′x sinα+p′y cosα, where
the primed terms correspond to the new, rotated coordi-
nate system. Thus, we can now obtain the Hamiltonian
as
H =
p′2x
2µ1
+
p′2y
2µ2
+
p′xp
′
y
µ3
, (2)
with
1
µ1
=
cos2 α
mx
+
sin2 α
my
, (3a)
1
µ2
=
sin2 α
mx
+
cos2 α
my
, (3b)
1
µ3
=
(
1
my
− 1
mx
)
sinα cosα. (3c)
From Eq. (2) we find
p′y = ±
√
2µ2E −
(
µ2
µ1
− µ
2
2
µ23
)
p′2x −
µ2
µ3
p′x. (4)
TABLE I: Electron effective masses in the x and y directions
for phosphorene and arsenene in units of free electron mass
(m0).[23]
phosphorene arsenene
mx/m0 1.01 0.23
my/m0 0.19 1.22
It can be immediately seen that formx = my (i.e. 1/µ3 =
0) we obtain p′y =
√
2µE − p′2x , with µ1 = µ2 = µ, as
expected for the isotropic case. Let us now obtain the
components of the velocity vector. An important feature
of anisotropic systems is the fact that the velocity is usu-
ally not collinear with the momentum vector, as shown
below by computing v′i = ∂E/∂p
′
i for i = x and y. Thus,
the velocity components are given by
v′x =
p′x
µ1
+
p′y
µ3
, v′y =
p′y
µ2
+
p′x
µ3
, (5)
where it is seen that v′x (v
′
y) can be non-zero even if p
′
x
(p′y) vanishes.
III. ANISOTROPIC QWS
A. In the absence of magnetic field
Let us consider the case of a QW with infinite poten-
tial walls (V0 →∞ in V (y′)), for interfaces aligned along
an arbitrary direction, i.e. non-zero 1/µ3 (see Fig. 1).
Without loss of generality, we will assume that the walls
are parallel to the x′ direction, the assumed translational
symmetry direction of the system, allowing us to write
the wavefunction as Ψ = φ(y′)eik
′
xx
′
. Using the Hamilto-
nian given by Eq. (2) and the substitutions ~p′ = ~~k′ and
~k′ → −i∇′, the resulting time-independent Schro¨dinger
equation for the rotated QW becomes
− ~
2
2µ2
d2φ
dy′2
− i~
2k′x
µ3
dφ
dy′
+
~2k′2x
2µ1
φ = Eφ. (6)
We obtain a solution by assuming linear combinations
of incident and reflected states as
Ψ(x′, y′) =
[
A exp(ik′+y y
′) +B exp(ik′−y y
′)
]
eik
′
xx
′
, (7)
FIG. 1: (Color online) Schematic representation of the rotated
QW defined electrostatically by the 1D square-well potential
V (y′) = V0 [Θ (−y′) + Θ (y′ − L)] with width L and V0 > 0.
α is the rotation angle with respect to the crystallographic
directions (x and y), defining the new primed coordinates (x′
and y′).
3(a) (b)
FIG. 2: (Color online) Energy levels as function of QW width
with k′x = 0 in Eq. (9b) (a) for different rotation angle α
with respect to the anisotropy axes and taking the effective
masses of monolayer BP, and (b) for a fixed angle α = pi/4
and assuming (solid curves) phosphorene and (dashed curves)
arsenene parameters.
with
k′±y = ±θ1 − θ2, (8a)
θ1 =
√
2µ2E
~2
−
(
µ2
µ1
− µ
2
2
µ23
)
k′2x , (8b)
θ2 =
µ2
µ3
k′x, (8c)
where the plus (minus) sign refers to incident (reflected)
waves. Now, one has to introduce the boundary condi-
tions, i.e. the vanishing of φ at the interfaces, for y′ = 0
and y′ = L in Eq. (7). That leads to the conditions
B = −A and sin(θ1L) = 0, resulting in the following
quantization condition θ1 = npi/L with n ∈ Z. There-
fore, the wavefunction and the energy levels are found as
Ψ(x′, y′) = A sin
(npi
L
y′
)
exp
[
i
(
x′ − µ2
µ3
y′
)
k′x
]
, (9a)
E =
~2n2pi2
2µ2L2
+
%~2k′2x
2µ1
, (9b)
respectively, where % = 1 − µ1µ2
µ23
. It is seen that both
the wavefunction, Eq. (9a), and the energy spectrum,
Eq. (9b), show a striking dependence on the QW orien-
tation α in relation to the anisotropy axes.
Figure 2 depicts the dependence of electronic energy
levels of phosphorene and arsenene QWs with respect to
the QW width L, by using Eq. (9b) with k′x = 0 and
the effective masses of Table I. In panel (a) the energy
levels for three different QW angles are shown for mono-
layer BP material, and in panel (b) we compare the elec-
tronic confined states of (solid curves) phosphorene and
FIG. 3: (Color online) Dispersion relation of QW with width
L = 1 nm for (a) phosphorene and (b) arsenene (As), and tak-
ing different rotation angle α with respect to the anisotropy
axes.
(dahsed curves) arsenene with the fixed angle α = pi/4.
It is seen that the energy levels decrease quadratically
with increasing QW width, something already expected
when we make k′x = 0 in Eq. (9b), scaling as ≈ 1/L2 in a
similar way as observed for confined states in 1D squared
quantum well and widely presented in quantum mechanic
text books. A consequence of the change of QW align-
ment, as shown in Fig. 2(a), is a shift of the energy levels,
together with a change of level spacing. By comparing
the cases of a QW made of arsenene and phosphorene
for a given value of rotation angle, shown in Fig. 2(b) it
is seen that the behavior of the electronic levels of the
two samples is similar. A difference that is evident in the
dispersion relation in Figs. 3(a) and 3(b), for QW with
width L = 1 nm for BP and As, respectively, is the fact
that the confined states in BP QWs present higher en-
ergy values than those of arsenene. This is caused by the
different effective masses of the materials (see Table I).
Moreover, Fig. 3 shows that, as α increases the energy
levels are shifted to lower (upper) values for phosphorene
(arsenene) and the spacing between them decreases (in-
creases) too, which in turn increases (decreases) in the
number of accessible electronic states. This result is em-
phasized in Fig. 4, which shows the energy levels as func-
tion of the alignment angle α for (blue solid curves) phos-
phorene and (dashed red curves) arsenene QW, main-
taining the QW width L = 1 nm and k′x = 0 in Eq. (9b).
Note that these behaviors of the confined QW energy lev-
els with respect to the rotation angle strongly resemble
to those for 1D quantum well in Schro¨dinger equation
with isotropic masses by varying the QW width instead
of the alignment angle, i.e. the change of alignment QW
angle with a fixed width L for the anisotropic case works
similarly as the isotropic case by varying the QW width.
Phosphorene and arsenene energy levels exhibit opposite
4As
BP
FIG. 4: (Color online) Energy levels as a function of the rota-
tion angle α with respect to the anisotropy axes (see Fig. 1)
for (blue lines curves) phosphorene and (red dashed curves)
arsenene QWs. It was taken L = 1 nm and k′x = 0.
behaviors due to highest effective mass being along op-
posite directions in these materials (see Table I). These
results suggest that a connection of QWs with different
rotation angles acts similarly to constrictions in quantum
point contact systems, due to the mismatch of the energy
levels in the different sections of the QW junction. Such
kind of QW junction system shall be explored latter in
Sec. IV.
B. In the presence of magnetic field
Let us now study the effect of an external magnetic
field perpendicular to the plane containing the QW, by
considering the substitution ~p′ → ~p′ + e ~A in Eq. (6). A
convenient choice of gauge is ~A =
(
−By′, B µ2µ3 y′, 0
)
. In
this case, one finds ~∇ · ~A = (µ2/µ3)B. Since we assume
an uniform magnetic field, in this gauge the vector po-
tential corresponds to an uniform rotation of the vector
potential obtained from the Landau gauge by an angle of
arctan(µ2/µ3). It is seen that for the isotropic case (i.e.
1/µ3 = 0), as well as for α = 0 and α = pi/2 one recovers
the usual vector potential of the Landau gauge. Then,
the Schro¨dinger equation for rotated QW in the presence
of a perpendicular magnetic field can be written as
−~2
2µ2
d2Ψ
dy′2
−i~
2k′x
µ3
dΨ
dy′
+
%
2µ1
(eBy′+~k′x)2+(1−%)
~2k′2x
2µ1
=EΨ.
(10)
Performing the coordinate transformation y∗ = y′ +
~k′x
eB , defining the cyclotron frequency for the rotated
anisotropic system as w2c = %
(
eB
µ1
)2
and the new en-
ergies as E′ = E − (1− %)~2k′2x2µ1 , one can rewrite Eq. (10)
FIG. 5: (Color online) Dispersion relation of phosphorene QW
for different alignment angles α with respect to the anisotropy
axes and fixed QW width L = 100 nm and magnetic field
amplitude B = 5 T. Black solid, red dashed, and blue short-
dashed curves correspond to the spectrum for rotation angles
α = 0, α = pi/4, and α = pi/2, respectively.
as
−~2
2µ2
d2Ψ
dy∗2
− i~
2k′x
µ3
dΨ
dy∗
+
µ1w
2
cy
∗2
2
Ψ = E′Ψ. (11)
By assuming the following ansatz Ψ(x′, y∗) =
exp (−iµ2k′xy∗/µ3)φ(x′, y∗) in order to eliminate the first
derivative in Eq. (11), it becomes
−~2
2m∗
d2φ
dy∗2
+
m∗
2
w2cy
∗2φ =
√
µ2
µ1
Eφ, (12)
where m∗ =
√
µ1µ2. Solving Eq. (12) numerically we ob-
tain the energy levels for a QW in the presence of exter-
nal magnetic field and different system parameters. Fig-
ure 5 shows the dispersion relation for different alignment
angles (black solid curves) α = 0, (red dashed curves)
α = pi/4, and (blue short-dashed curves) α = pi/2, and
fixed QW width L = 100 nm and external magnetic field
B = 5 T. It is seen that similarly to an isotropic semi-
conductor structure with two boundaries, there is a mo-
mentum region around k′x = 0 where the energy levels
are flat (i.e. dE/dkx′ = 0). These states correspond to
quantum Hall states, being more dispersive the higher
the energy value, owing to the fact that the lower energy
states are more strongly confined by the magnetic field.
The presence of the edges gives rise to propagating states,
resulting in the quantum Hall edge states. These states
are related to the dispersive region of the energy spec-
trum in Fig. 5, i.e. for momentum values away from the
plateaus.[63-67] In addition to the mentioned features,
for the anisotropic QW case: (i) the quantum Hall edge
states are significantly affected by the alignment of the
QW, and (ii) as α increases, the energy states are found
to be less dispersive, that is caused by the fact that the
wavefunctions become more localized, as it will be dis-
cussed next in Fig. 6. Consequently, the group velocities
5FIG. 6: (Color online) Squared total wavefunction for
anisotropic rotated QWs in the presence of an external mag-
netic field, B = 5 T, with a fixed QW width L = 100 nm and
wave vector k′x = 0. Black dashed-dot, red dashed, and blue
short-dashed curves correspond to the case for rotation angles
α = 0, α = pi/4, and α = pi/2, respectively. For comparison,
|Ψ|2 for B = 0 is shown by green solid curve.
of the quantum Hall edge states show a striking depen-
dence on the edge alignment.
In order to understand the effects of the rotation angle
changes and the magnetic field on the electronic confined
states, we show in Fig. 6 the probability density of the
ground state for different rotation angles with and with-
out a magnetic field, taking the same system parameters
as in Fig. 5. Since Eq. (11) is a quantum harmonic os-
cillator type equation, the ground state wavefunction of
a rotated anisotropic QW in the presence of a magnetic
field is given by
Ψ(x′, y∗)=
(
m∗ωc
pi~
)1/4
exp
(
−m
∗ωcy∗2
2~
−iµ2
µ3
k′xy
∗
)
. (13)
Similar to the case for zero magnetic field (see Eq. (9a)),
the wavefunction not only contains plane wave term but
depends on the QW alignment in relation to anisotropy
axes, which is contained into y∗ term. One can note
that: (i) for a fixed rotation angle, the total wavefunction
is more localized for B 6= 0 than B = 0, as already
expected, (ii) for B 6= 0, as α increases |Ψ|2 becomes
more localized, and (iii) for B = 0, the QW rotations
do not affect the wavefunction profile, as shown by the
green solid curve in Fig. 6 for α = 0 and α = pi/3.
A complementary way to see the magnetic field depen-
dence of the confined states in anisotropic QWs is shown
in Fig. 7. The spectra for null and non-null wave vectors
are present in panels (a) and (b), respectively, for three
different rotation angles. Note that, as the magnetic field
increases, the magnetic length becomes smaller than the
FIG. 7: (Color online) Energy levels of a phosphorene QW
with width L = 100 nm as function of the magnetic field
for wave vector values (a) k′x = 0, and (b) k
′
x = 0.2 nm
−1
for different rotation angles α with respect to the anisotropy
axes.
system size, so that confinement effects are strongly re-
duced, and the magnetic levels in the phosphorene QW
converge to the Landau levels of an infinite phosphorene
sheet, given by: E = ~ω (n+ 1/2), with n = 0, 1, 2, . . .,
and ω = eB/mg = ωc
√
µ1/µ2 being the cyclotron fre-
quency calculated with the geometric mean of the masses
mg =
√
mxmy. [12,22] Moreover, one can realize that the
energy levels spacing is strongly affected by the magni-
tude of the applied magnetic field, and with increasing
magnetic field the confinement effects due to QW rota-
tion discussed in Sec. III A are less evident, such that
regardless the wave vector amplitude (see, e.g. panels
7(a) and 7(b)) and QW rotation angle the energy levels
converge to the Landau levels of an infinite system.
IV. WAVEPACKET PROPAGATION AND
SCATTERING IN ANISOTROPIC QWS
As the previous results have shown, the electronic spec-
trum of anisotropic QWs is strongly dependent on the rel-
ative orientation of the QW in relation to the anisotropic
axes. Therefore, it can be expected that a change of ori-
entation angle (α) along the length of the QW may give
rise to an energy mismatch, as illustrated in Fig. 8(a),
which can in turn lead to electron scattering. In order
to investigate that, let us now calculate the transport
properties of a QW in which an abrupt change of α is
introduced, forming a elbow-like feature in an otherwise
straight QW. For this purpose, let us now consider elec-
trons in the (x, y) plane moving from left to right in a
region with a V-shaped QW formed by a straight section
with α = 0 and a section with α 6= 0 as illustrated in
Fig. 8(b). The electrons are confined by a step like po-
tential, i.e. V (x, y) = 0 inside the QW and V (x, y) = V0
6(a)
a
(b)
L
a  0¹a = 0
x
y
Ly
Lx
xi
Ei
m mx yÛ
FIG. 8: (Color online) Illustration of (a) the energy bands
for each QW section of (b) the V-shaped anisotropic QW due
to an abrupt change of orientation angle α along the QW
length. For x < xi (≥ xi), one has α = 0 (α 6= 0). The two
QW sections are made up of a phosphorene QW with width
L. The energy bands for each QW section exhibit different
energy levels spacing and minimum, and consequently leading
to an energy mismatch in the junction. Ei and xi indicate the
initial wavepacket energy and the position of the QW corner.
Lx (Ly) is system length along the x (y) direction.
otherwise. Moreover, we assume that the electrons are
always in the conduction band and that conduction-to-
valence band transitions are negligible, which is a reason-
able approximation when dealing with low-temperature
systems and also once that the conduction-to-valence en-
ergy distance, i.e. the energy gap, is large for phospho-
rene systems [12,22,23]. It was considered QWs with
width L = 3 nm and L = 10 nm, abrupt borders, and
made out of phosphorene. For simplicity sake, through-
out this section the effective masses along the x and y
directions were exchanged as the ones referred in Table I.
The injected electrons are described by a combination
of a Gaussian function with a plane wave along the x di-
rection and the ground state wavefunction of the QW
in the y direction φ0(y). Then, at t = 0 the initial
wavepacket is defined by
Ψ0(x, y) = exp
[
ikixx−
(x− x0)2
2d2
]
φ0(y), (14)
where kix =
√
2mxEi/~2 is the wave vector correspond-
ing to the packet kinetic energy Ei (see dotted line in
Fig. 8(a)), d is the initial wavepacket width in the x di-
rection that is chosen as the same QW width L, and x0
is the initial postion in the x direction of the wave packet
maximum, set up far from the corner of the bent QW,
such as x0 = −32.5 nm and x0 = −8.6 nm for the QW
width cases L = 10 nm and L = 3 nm, respectively. It is
important to stress out that the ground state wavefunc-
tion φ0(y) is given by Eq. (9a) which is closely related to
the initial QW alignment angle, since it contains angle-
dependent anisotropic effective masses terms.
With the aim of solving the time-dependent
Schro¨dinger equation to obtain the propagating
wavepacket through the evolved time steps and thus
to get the transport properties of the analyzed system,
one applies the split-operator technique. For this, we
follow the approach described in Refs. [13,14-45,46-58].
This allows us to separate the exponential of the time
evolution operator (that for the case in which the
Hamiltonian does not explicitly depend on time, this
operator can be written as Uˆ(t′, t) = exp
[− i~H(t′ − t)])
into two parts: one of them involves only the potential
operator Vˆ , whereas the other contains only the kinetic
operator Tˆ , as well as, enabling to split also the kinetic
terms for each direction. Therefore, the time evolved
wavefunction is obtained by successively applying the
operation Uˆ such as
Ψ(~r, t+ ∆t)=e−iVˆ∆t/2~e−iTˆx∆t/~e−iTˆy∆t/~e−iVˆ∆t/2~Ψ(~r, t),
(15)
where Tˆx(y) is the kinetic-energy operator for x(y) direc-
tion and we neglect terms of order O (∆t3) and higher,
being such error a consequence of the noncommutativ-
ity of kinetic and potential terms. This error can be
minimized as smaller the time step. We assume a small
time step of ∆ = 0.7 fs. Here, we opted for the split-
operator technique, because it allows us to track the po-
sition and velocity of the center of mass trajectories, see
reflection patterns and scattering on the edges, and ob-
tain the transmission and reflection coefficients (which
will be important to the analysis in this section).
To numerically solve this problem, we discretized the
(x, y) plane with a square grid, assuming ∆x = ∆y = 0.4
nm and ∆x = ∆y = 0.12 nm for the cases where L = 3
nm and L = 10 nm, respectively, and used the finite dif-
ference scheme to solve the derivatives in the kinetic en-
ergy terms of the Hamiltonian. In addition, as suggested
in Ref. [68] and successfully used in Refs. [47–49,58] we
added an absorbing (imaginary) potential on the bound-
aries of our computational box in order to avoid spuri-
ous reflections and backscattering when the wavepacket
reaches the limits of our system.
For each investigated system configuration, we run the
simulation and calculate: (i) the transmission probability
T (t) for each time step by integrating the square modu-
lus of the normalized wavepacket in the region after the
elbow-like QW corner, i.e. for x > xi, given by
T (t) =
∫ Ly/2
−Ly/2
dy
∫ Lx/2−|xi|
xi
dx |Ψ(x, y, t)|2 , (16)
(ii) the total average position, i.e., the trajectory of the
wavepacket center of mass, that is calculated for each
7FIG. 9: (Color online) Transmission probabilities as a func-
tion of the initial wavepacket energy by assuming the elbow-
like QW with: (a) a fixed rotation angle α = 15◦ and QW
widths L = 3 nm (triangles) and L = 10 nm (circles); and (b)
a fixed QW width L = 3 nm and rotation angles α = 15◦ (tri-
angles) and α = 60◦ (circles). Red (filled) and black (open)
curves (symbols) correspond to the anisotropic and isotropic
QW cases.
time step by computing
〈x(t)〉 =
∫ Ly/2
−Ly/2
dy
∫ Lx/2
−Lx/2
dx |Ψ(x, y, t)|2 x, (17a)
〈y(t)〉 =
∫ Lx/2
−Lx/2
dx
∫ Ly/2
−Ly/2
dy |Ψ(x, y, t)|2 y, (17b)
and (iii) the average velocity, by
〈vx(t)〉 = d〈x(t)〉
dt
, (18a)
〈vy(t)〉 = d〈y(t)〉
dt
, (18b)
where the limits of the computational box are defined
by x ∈ [−Lx/2, Lx/2] and y ∈ [−Ly/2, Ly/2]. The re-
flection probability R is obtained by similar integration
as Eq. (16) but for the region before the QW corner
(x < xi). For larger t, the value of the transmission (re-
flection) probability integral increases (decreases) with
time until it converges to a number. This number is then
considered to be the transmission (reflection) probability
of such a system configuration.
Transmission probabilities for the bent QW computed
by using the split-operator technique are presented in
Fig. 9 as function of the initial wavepacket energy. In
Fig. 9(a) the transmission was obtained for a QW ro-
tated by a fixed angle α = 15◦ and QW width L = 3 nm
(triangles) and L = 10 nm (circles) both in isotropic
(open symbols) and anisotropic cases (filled symbols). In
Fig. 9(b), it was fixed the QW width L = 3 nm and
analyzed two different rotation angles: α = 15◦ (trian-
gles) and α = 60◦ (circles). From Fig. 9(a), one can
notice that: (i) since the energy levels become closer
for wider QWs, the wavepacket has a larger transmis-
sion probability for wider channels in both isotropic and
anisotropic systems, as well as, it also explains the rapid
convergence of the transmission to 1 for wider QWs as
a consequence of the larger number of accessible elec-
tronic states; (ii) the quantitative difference between
anisotropic and isotropic curves for each fixed QW width
case is due to the difference on their subbands energy
values. Note that the energy bands in both straight and
rotated sections of the V-shaped QW are (non-)identical
for (an)isotropic case, and thus as a consequence of this
energy mismatch caused by the QW bending one has a
greater reflection probability for anisotropic case. In both
isotropic and anisotropic cases, due to the channel geom-
etry the wavepacket is more reflected when reaches the
bend that connects the two leads represented in Fig. 8(b),
and as the right-arm of QW is rotated the transmission
decreases, as can be seen in Fig. 9(b). The introduction
of a bend in the QW can reduce the transmission even
in the isotropic case, due to the fact that it breaks the
translational symmetry of the system. For instance, com-
pare black triangular and circular symbols in Fig. 9(b), in
which the transmission for α = 15◦ is larger than the case
for α = 60◦ for any initial wavepacket energy. Although
the energy bands for the isotropic case are identical for
any rotation angles, the QW geometry has an impor-
tant role on the total transmission probability. Thus, in
order to separate this purely geometric effect from the
effect of the anisotropy, all the results in Fig. 9 show a
comparison between the transmission for isotropic and
anisotropic cases for different values of L (Fig. 9a) and α
(Fig. 9b).
Another aspect of the transport in anisotropic QWs
that was investigated was the effect of the interaction
between the electrons and the QW edges as function
of α. A semiclassical analysis suggests that the non-
collinearity of the group velocities and the momentum
vectors (see Eq. (5)) may give rise to a group velocity os-
cillation. In order to investigate that, we have analyzed
the wavepacket dynamics simulating electrons that prop-
agate through a straight QW as the one represented in
Fig. 1. For this, we considered an initial circularly sym-
metric Gaussian wavepacket centered in ~r = (x0, y0) and
multiplied by a pulse with initial wave vector ~k0, given
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to φ = α 6= θ) to the group velocity vector. The rotation angle was assumed as (c) α = 0◦, (d) α = 15◦, and (e) α = 45◦.
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FIG. 11: (Color online) Snapshots of the total evolved wavefunction through the QW rotated by α = 15◦ at the time steps
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by
Ψ(x, y) = exp
[
− (x− x0)
2
2d2
− (y − y0)
2
2d2
+ i ~k0 · ~r
]
. (19)
In this analysis, it was assumed that the QW width
is much larger than the wavepacket width, being taken
9d = 5 nm and L = 30 nm, and that the wavepacket is
injected from left to right into the channel with initial
position (x0, y0) = (−32.5,−8.6) nm and initial energy
E = 200 meV.
Figure 10 shows the wavepacket average velocities as
function of time for both x and y directions that were
obtained by computing the first order derivative of the
average positions Eqs. (17a) and (17b) at each time step,
being given by Eqs. (18a) and (18b), respectively. The
wavepacket evolution through the straight QW with dif-
ferent values of rotations angle α was analyzed for both
isotropic and anisotropic cases, taking into account the
non-collinearity of the wave vector ~k and group velocity
vector ~v. The wave vector and group velocity are here
associated with the angles θ and φ, respectively, as il-
lustrated in Fig. 10(a), being ~v always perpendicular to
the isoenergy in momentum space. It is easy to see from
Eq. (5) that for isotropic case (1/µ3 = 0), one has ~v
′ ‖ ~k′
and the isoenergies are circular. However, as mentioned
in Sec. II, for anisotropic semiconductors whose isoener-
gies are ellipses, this is not the case. Figure 10(b) shows
the relation between the angles θ and φ that differs for
almost every angle, except for θ = 0◦ and θ = 90◦ in
which the wave vector and group velocity are aligned,
similarly to the isotropic case. Figures 10(c) to 10(e) de-
pict the average velocities (top panels) v′x and (bottom
panels) v′y for the following rotation angles: [Fig. 10(c)]
α = 0◦, [Fig. 10(d)] α = 15◦, and [Fig. 10(e)] α = 45◦.
The black solid, blue dashed, and red dashed-dot curves
correspond to θ = φ = α, i.e. the isotropic case, to
θ = α 6= φ, i.e. the anisotropic case with the QW par-
allel to the wave vector, and to φ = α 6= θ, i.e. the
anisotropic case with the QW parallel to the group veloc-
ity vector, respectively. According to Figs. 10(c)-10(e),
one can realize that: (i) the average velocities for both
x and y directions remain unchanged for isotropic case
(θ = φ = α, black solid curves), irrespective to the QW
rotation angle, as well as for the anisotropic case in which
the wave vector and the group velocity are collinear as
shown by the blue dashed and red dashed-dot curves in
Fig. 10(c). Qualitative similar results can be obtained for
α = 90◦, instead of α = 0◦; (ii) for θ 6= φ and α 6= 0◦, 90◦
that corresponds to non-collinear cases between the wave
vector and the group velocity, the average velocities oscil-
late, as expected by the semiclassical picture due to the
non-specular reflections on the edges in an anisotropic
media. This can be seen by the blue dashed and red
dashed-dot curves in Figs. 10(d) and 10(e); (iii) the os-
cillations are more evident as |θ−φ| increases, exhibiting
an increasing oscillation amplitude the greater the non-
collinearity between the vectors ~k and ~v. This can be
seen by comparing the oscillation amplitudes of the blue
dashed curves in Figs. 10(d) and 10(e), and also for a
fixed rotation angle by comparing the θ = α and φ = α
cases. Note from Fig. 10(b) that for θ = α = 15◦ one has
φ ≈ 55◦, whereas for φ = α = 15◦ one implies θ ≈ 4◦,
and consequently the difference |θ − φ| is larger for for-
mer case with θ = α (blue dashed curves) that indeed
exhibits the large oscillation amplitude for the presented
cases.
In order to clarify how the non-collinearity between
the group velocity and wave vector in anisotropic case af-
fects the wavepacket evolution, it is displayed in Fig. 11
snapshots of the time evolution of the probability den-
sity propagating through the QW rotated by the angle
α = 15◦ at times (i) t = 40 fs, (ii) t = 100 fs, (iii)
t = 200 fs, (iv) t = 250 fs, and (v) t = 300 fs as la-
beled in Fig. 10(d), and considering the isotropic case
(upper panels, θ = φ = α) and the anisotropic case with
the QW orientation parallel to the wave vector (middle
panels, θ = α 6= φ) and to the group velocity (bottom
panels, φ = α 6= θ). By analyzing the snapshots, it
is clear that for the isotropic case (upper panels) when
the wavepacket evolves it disperses but keeping the av-
erage position (white dashed lines) and consequently the
average velocity unchanged, as observed in Fig. 10(d).
Since the propagation direction and the wave vector are
collinear for this case, after the reflections at the potential
edges the direction of the group velocity vector remains
the same over time. However, for the anisotropic case in
which the wave vector and the group velocity are non-
collinear, when the wavepacket reaches the QW edges
it undergoes non-specular reflections [69]. As a conse-
quence, for the case where θ = α, this interaction with
the edges results a subpackage splitting with different
propagation directions that leads to an average velocity
oscillation with large amplitudes that are damped over
time, as shown by the blue dashed curves in Fig. 10(d).
On the other hand, for the anisotropic case where φ = α,
no subpackage splitting is observed and the average veloc-
ity oscillation amplitude is less pronounced, as shown by
red dashed-dot curves in Fig. 10(d). This is linked to the
fact that in this case the group velocity is aligned with the
QW orientation and then the total wavepacket evolves in
parallel to QW boundaries exhibiting a straight trajec-
tory and dispersing over time similarly to the isotropic
snapshots case, but here owing to the non-specular reflec-
tions its interaction with the QW edges implies a slightly
different average position and barely affecting the total
propagation velocity.
V. CONCLUSIONS
In summary, we developed an analytical model for clas-
sical anisotropic systems using the effective mass model
and applied this formalism to obtain the electronic prop-
erties of QWs made up of arsenene and phosphorene
and with the length direction rotated in relation to its
anisotropy axes. The energy levels in the presence and
absence of an external magnetic field perpendicular to
the QW plane were analyzed for different system pa-
rameters. In the absence of a magnetic field, we found
an analytical expression for the QW energy levels that
contains a term analog to the ones for isotropic quan-
tum wells with a 1/L2 dependence, and another term
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that carries the system anisotropy. Our results showed
that the spacing of the energy levels for both samples
is strongly affected by the alignment angle between the
QW and the crystallographic directions, such that as the
angle increases, the spacing between the energy levels is
lowered (raised) for phosphorene (arsenene), as well as,
observing a shifted to lower (upper) energy values. For
the non-null magnetic field case, the electronic wavefunc-
tions obey a harmonic oscillator type equation but for a
modified mass and modified cyclotron frequency that de-
pends on the alignment angle between the QW and its
anisotropy axes. Numerical calculations showed that the
energy spectrum is significantly affected by the confining
potential edges and that the quantum Hall edge states
are less pronounced the greater the rotation angle. With
respect to the wavefunction localization, for large QW ro-
tation angles, the wavefunction becomes more confined,
whereas in the absence of a magnetic field it remains un-
changed under rotations.
Since the electronic energy levels of anisotropic QWs
are strongly affected by rotation, we studied their trans-
port properties by using the split-operator technique
and compared the isotropic and anisotropic results for
the transmission probability, average position, aver-
age group velocity, and snapshots of the time evolved
wavepacket. By considering a circularly symmetric Gaus-
sian wavepacket propagating inside of a wide anisotropic
QW rotated by α with respect to the anisotropic axes,
one observed oscillations in the average velocity for the
case when the initial wave vector and the group veloc-
ity vector are not collinear, and the oscillation amplitude
is more pronounced the greater the non-collinearity be-
tween them, i.e. the greater the θ − φ value. The snap-
shots at different time steps demonstrated that for the
anisotropic QWs the interaction between the wavepacket
and the QW edges gives rise to subwavepackets with
different momentum orientations, whereas for isotropic
QWs the wavepacket disperses over time without split-
ting and its interaction with the QWs edges does not
change the orientation of the average group velocity. In
the case of a bent QW, as a consequence of the en-
ergy mismatching in different sections of the QW and
the anisotropy of the system, one expects that electrons
traveling through the bend can be scattered. The results
showed that the transmission probabilities are greater
the lower the rotation angle of the right-arm and the
wider the QW, regardless of the anisotropic character of
the system, and the nature of the quantitative difference
of the transmission probabilities between the isotropic
and anisotropic QWs is linked to the difference on their
subband values. The differences in propagation for dif-
ferent orientations of the QW may be experimentally
measured by attaching perpendicular leads to the sys-
tem, one expecting different Hall conductances between
isotropic and anisotropic cases, as well for collinear and
non-collinear situations between the group velocity and
momentum vectors. This direction-dependent Hall con-
ductance will be investigated in a future project. Fi-
nally, we hope that our electronic and transport results
will prove useful for designing anisotropic semiconductor
based quantum confinement devices.
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